In practice, any cluster of light-emitting diodes (LEDs) can be modeled or measured as a directional point source if the detector is far enough away from the cluster. We propose a far-zone condition for measuring or modeling propagation of light from an LED array. An equation gives the far-field distance as a function of the LED radiation pattern, array geometry, and number of LEDs. The far field is shorter for high packaging density clusters, and the far field considerably increases with increasing beam directionality of LEDs. In contrast with the classical rule of thumb (5 times the source size), the near zone of an array with highly directional LEDs can extend to more than 60 times the array size. We also analyze the effect of introducing random variations of light flux among LEDs of the array, which shows that far-field variability is low in high packaging density arrays.
Introduction
LED arrays are everywhere, in many shapes and sizes, and cover a wide range of applications. However, this variety also creates special difficulties in measuring their light output [1] , which can lead to inconsistencies between different measurement systems. For this reason, the TC2-50 International Commission on Illumination (CIE) Technical Committee is preparing a technical report to give recommendations for measurement of the optical properties of LED clusters [2] . In particular, an important measurement condition is the distance between the LED array and the detector surface for measuring radiant (W=sr) or luminous (lm=sr) intensity. Additionally, in some applications, it is helpful to know how near the light emission of an LED cluster can be modeled as an angular intensity distribution.
Intensity definition only applies to point sources because a solid angle must have a point as its apex. In practice, however, any LED array can be modeled as a directional point source if the detector is placed far enough away from the array. The radiation emanating from a source whose dimensions are negligible in comparison with the distance from which it is detected may be considered as coming from a point.
Depending on the working distance, both the optical modeling and the experimental characterization of a light source must be performed in a different way. Basically, there are two working conditions: near field and far field (Fig. 1) . In near field, a source is considered as an extended emitting area, and it is usually assumed that the distance to the illuminated target is shorter than 5 times the maximum source dimension [3] [4] [5] . A far-field approach assumes that the target is farther from the source than this nominal separation, and the source can be modeled or measured as an emitting point.
The "5 times" rule of thumb is valid for a source with circular shape and Lambertian emission (i.e., radiance is constant) [3] [4] [5] . This rule states that for a distance 5 times the source diameter, the error from using the inverse-square law is 1% [3] [4] [5] . The set up for this condition considers a detector located on the optical axis. Therefore this condition is equivalent to getting an error of 1% when using a far-field intensity function instead of a function that includes the source-to-detector distance dependence.
However, this rule of thumb fails for LED arrays because of the discrete nature of the source and the wide variety of both array geometries and intensity distributions (LEDs are available in many different beam patterns). Then, a general definition of the far-field condition is necessary to correctly delimitate the near zone from the far zone. In a preliminary work, we determined a far zone condition totally based on the "5 times" rule of thumb [6] . Such a far-field condition, for a cluster of N LEDs, is
where
Here x i and y i are the Cartesian coordinates of the ith LED displaced to position ðx i ; y i Þ over the plane of the LED cluster [see Fig. 2(a) ]. I i is the angular intensity distribution (with a rotationally symmetric radiation pattern) of the ith LED. Δ is the approximation error, which is Δ ¼ 1% in the "5 times" rule of thumb. The far-field condition r ¼ r min is obtained by solving Eq. (1). In Ref. [6] we analyzed the far-field condition given by Eq. (1) for several types of LED arrays. However, this equation considers only the intensity variation on the optical axis. Equation (1) does not include the whole angular range of the radiation pattern of LEDs. Considering that the polar angles ðθ; ϕÞ describe the direction of radiation emanating from the LED array [see Fig. 2(b) ], let us plot r min as a function of the view angle θ. This is shown in Fig. 3(a) for the three LED radiation patterns indicated in Fig. 3(b) . As can be noted in Fig. 3(a) , there is a significant variation across the angular range of light emission. This is a problem if the far field is longer at angles θ other than zero because r min is a minimum distance value. In the case of Lambertian LEDs, there is no problem because the maximum of both r min and light emission are along the optical axis (θ ¼ 0°). But in other cases, the far-field condition is unclear. For example, in the array with batwing LEDs the far-field distance at θ ¼ 40°is much longer than at 0°, which must be carefully accounted because a batwing LED has its emission peak in AE40°. Therefore if an LED array emits more radiation in an off-axis direction, the far-field distance should account more for that direction. To solve this problem, we introduce an equation that takes into account the variation along the view angle θ.
Preliminaries
In the far zone, an extended light source can be easily simulated or measured as a point source with specific angular intensity distribution. Radiant (or luminous) intensity I is the radiant (or luminous) flux per solid angle in a given direction from the source, i.e., I ¼ dΦ=dΩ. In the far field, the measured radiant intensity or luminous intensity is practically independent upon distance from the source. To find where far field begins, the intensity of an arbitrary extended source must be compared with that of an equivalent point source.
In practice, due to the finite size of any detector, the measurement is not exactly the intensity, and it is always an averaged intensity. The measured intensity is the ratio of the flux ΔΦ d collected by the detector aperture over the solid angle ΔΩ d subtended by the detector on the source center, i.e., I ¼ ΔΦ d =ΔΩ d . Typically, the angular intensity distribution is measured by holding the source stationary and moving a detector on a hemisphere centered in the source. At each distance r the solid angle ΔΩ d remains constant, and each measurement is described only by its polar coordinates ðr; θ; ϕÞ and the flux ΔΦ d collected at that point.
To calculate the flux ΔΦ d , consider an extended flat source lying in the plane z ¼ 0 of a suitable reference frame, and emitting light with a radiance (W=m 2 sr) or luminance (lm=m 2 sr) L. Let us consider both source and detector with arbitrary shapes, and denote their areas by A s and A d . The total amount of radiation transferred from the source to the detector is given by the integral over both areas [7] :
where r s is a position vector for every emitting point in the source, and r d is a position vector for every receiving point in the detector. Figure 4 illustrates the geometry used in Eq. (3). Here it is assumed the detector behaves as if it were a simple aperture that responds equally to light at any point across its surface and from any direction, i.e., a cosine corrected detector.
The angular intensity distribution in polar coordinates is Iðr; θ; ϕÞ ¼ ΔΦ d ðr; θ; ϕÞ=ΔΩ d ðrÞ, where
Virtually, for any source the intensity I becomes independent of distance r if the detector is located far enough away, i.e., I ∞ ¼ f ðθ; ϕÞ, so the extended source becomes a point source by comparison. It is the key point of the far-field condition. Additionally, the inverse-square law can only be used in the far zone. This law states that the irradiance or illuminance (W=m 2 or lm=m 2 ) at any point on the detector surface varies directly with the intensity Iðθ; ϕÞ ∞ and inversely as the square of the distance r from the source, i.e., E ¼ Iðθ ¼ 0; ϕÞ ∞ =r 2 .
Far-Field Condition
First we derive the intensity for an extended flat source, and then we extend the result to the case of an LED array. In order to take into account the variability along the emitting hemisphere, we need to calculate the intensity as a function of ðr; θ; ϕÞ. Because the angular intensity distribution is given by r 2 ΔΦ d ðr; θ; ϕÞ=A d , we need to calculate ΔΦ d ðr; θ; ϕÞ. A simplification in Eq. (3) is achieved when the detector is small. In practice, the detector aperture can be chosen small enough to consider r d ≈ r, and then the integral over A d can be carried on directly. After these assumptions, Eq. (3) is
where r s ¼ ðx; y; 0Þ, and the position vector r is written in terms of polar coordinates for practical purposes, i.e., r ¼ ðr cos ϕ sin θ; r sin ϕ sin θ; r cos θÞ. After using these vectors in Eq. (4) the angular intensity distribution can be written as a function of ðr; θ; ϕÞ:
Iðr; θ; ϕÞ ¼ Z Z Lðx; y; θ; ϕÞ 1 − ðx cos ϕ þ y sin ϕÞ
The intensity of reference I ∞ can be obtained by totally neglecting the source size. The apparent source size is zero when the distance r → ∞. Therefore the intensity of reference I ∞ can be obtained by making both x=r → 0 and y=r → 0. After this assumption the intensity of reference does not vary with the distance r:
Iðθ; ϕÞ ∞ ¼ Z Z Lðx; y; θ; ϕÞdxdy cos θ:
If the source radiance L is independent of ðθ; ϕÞ, Eq. (6) becomes the well known intensity of a Lambertian source, i.e., I 0 cos θ. A cluster of LEDs can be termed as a light source with discontinuous radiance. Because in most cases the far-field condition of an array is longer than that of a single LED [8, 9] , each LED of a cluster can be viewed as a point light source with a certain angular intensity distribution. In such a case, the integral in Eq. (5) must be changed by a sum, i.e., R R dA s → Σ. Radiance L also must be changed by the angular intensity distribution I i of the ith LED, i.e., each LED can be considered as a directional point source with Figs. 2(a) and 5]. Hence the angular intensity distribution at distance r from an LED array with N LEDs is Iðr; θ; ϕÞ
Here x i and y i are the Cartesian coordinates of the ith LED displaced to position ðx i ; y i Þ over the plane of the LED cluster (see Fig. 5 ). Iðα i ; β i Þ i is the angular intensity distribution (with or without rotational symmetry) of the ith LED. The calculation becomes easy because most manufacturers report the angular radiation pattern of their LEDs, which can be analytically simulated in a simple way [10] . The intensity of the reference, equivalent to Eq. (6) for an LED array, is
In the "5 times" rule of thumb, the far-field condition is satisfied when the difference between Iðr; θ ¼ 0; ϕ ¼ 0Þ and Ið0; 0Þ ∞ for a source with circular shape and Lambertian emission (L ¼ const:) is 1%, i.e., Δ ¼ ½Iðr ¼ r min ; 0; 0Þ − Ið0; 0Þ ∞ =Ið0; 0Þ ∞ ¼ 0:01 ¼ 1%. However, in this way, as we stated in Section 1, the angular variability is not taken into account. Therefore we propose a far-field condition that evaluates the weighted root-mean-square (RMS) error between I and I ∞ . In this case, the far-field condition r ¼ r min is obtained by solving the equation
Here M is simply the number of sampling points, which are located at a representative section of the solid angle of light emission. Δ RMS is the relative RMS error between I and I ∞ . The angular intensity distribution Iðr; θ m ; ϕ m Þ is given by Eq. (7), and Iðθ m ; ϕ m Þ ∞ is given by Eq. (10). We weight the RMS error with I ∞ =I ∞ max . In order to obtain a meaningful weight, it must be normalized to unity, i.e., 0 ≤ I ∞ =I ∞ max ≤ 1, where I ∞ max ¼ maxðI ∞ Þ. In this way, if the LED array emits more radiation in an off-axis direction, a difference between I and I ∞ in that direction results in a larger proportional error. For example, in an array of batwing LEDs a difference between I and I ∞ at θ ¼ 40°is more representative than a difference at 0°.
Computation of the far-zone condition r ¼ r min is reduced to solve the Eq. (11). A symbolic solution for this general equation proved difficult. However, the numerical solution can be easily obtained with any mathematical software.
From Eqs. (7), (10), and (11), it is observed that the far-field condition is affected by the placement of LEDs and the radiation pattern of every LED. The arrangement of LEDs depends on two factors: the packaging density and the shape of the cluster. In next section, we apply Eq. (11) to show how the far-field condition depends on the packaging density and the LED radiation pattern.
Examples of Far Field with Δ RMS ¼0:55%
For a source with circular shape and L ¼ const:, an equivalent version of Eq. (11) gives an error Δ RMS ¼ 5:445 × 10 −3 at a distance r ¼ 5D, where D is the source diameter. In this case Eq. (11) gives a far-field condition r min that is as accurate as the "5 times" rule of thumb for a circular Lambertian source. In the following examples we use Δ RMS ¼ 0:5445%.
Before the examples are presented, we simplify the far-field condition considering that all LEDs of each array have the same radiation pattern. Therefore the normalized radiation pattern I ∞ =I ∞ max is that of a single LED, i.e., I ∞ =I ∞ max ¼ I i ¼ I 0 . In addition, the radiation pattern of each LED has rotational symmetry in the azimuthal direction, i.e., Iðα i ;
Here Iðθ m Þ 0 and Iðα i Þ 0 is the radiation pattern of each LED.
A. Packaging Density
A cluster of LEDs can be assembled in many different packaging densities. In an LED array the number of LEDs and the LED-to-LED distance depends on several factors, for example, cost, available space, thermal problems, and aesthetic design. The following figures are meant for illustrating the far-field condition of LED arrays with several packaging densities. Increasing the packaging density is equivalent Fig. 5 . Geometry for coordinates used in Eqs. (7)- (9). to increase the number of LEDs within a cluster if the size of the array is kept constant. Therefore in the next figures we keep constant D and increase the number of LEDs in the cluster. Figure 6 shows the far-field condition as a function of the number of LEDs for a square array. The plot begins with a low packaging density 2 × 2 array and continues up to a large array of 10 × 10 LEDs. For Lambertian LEDs, Iðθ m Þ 0 ¼ cos θ m and Iðα i Þ 0 ¼ cos α i . We simulate the batwing and side emitting radiation patterns with three Gaussians [10] . The batwing radiation pattern is that of a LUXEON from Lumileds Philips (green, cyan, blue, and royal-blue color) upper bound, and the side emitting is that of a LUXEON (white, green, cyan, blue, and royal-blue color). We use M ¼ 90, and θ m ¼ 0; 1; 2; …; 90°for the arrays with Lambertian and batwing LEDs. For side-emitting LEDs we use M ¼ 120 and θ m ¼ 0; 1; 2; …120°. As a reference value, for a very large array of 100 × 100 LEDs the far-field condition r min =D is 5.785 (Lambertian), 8 .279 (batwing), and 3.966 (side emitting). The far-field condition of an array with Lambertian LEDs slowly converges to the value 5.74 for a square Lambertian source. We can observe that for Lambertian LEDs practically there is no difference between the values given by Eqs. (12) and (1); see Ref. [6] . However, in the case of batwing and side-emitting LEDs there is a considerable difference between these two far-field conditions.
The triangular array, also called hexagonal, is a popular geometry owing to its packaging capabilities. Figure 7 shows the far-field condition as a function of the number of LEDs for a triangular array. Again, the condition is plotted for LEDs with Lambertian, batwing, and side-emission radiation patterns. The plot begins with a small three LED array and continues up to a large array of 115 LEDs. For reference, the far-field condition for a uniform rectangular [D × ð p 3=2ÞD] Lambertian source is 5.372. The farfield condition of an array with Lambertian LEDs slowly converges to this value, e.g., r min =D ¼ 5:581 for a hypothetical very large array with 9751 Lambertian LEDs. From all these figures, it is evident that an LED array with higher packaging density has a shorter near field. This behavior becomes evident because in a diluted cluster the contribution of LEDs located at the corners becomes more important. In addition, comparing Figs. 6 and 7 seemingly indicates that the hexagonal array has a shorter far-field condition. This behavior may be because LEDs can be more efficiently packaged in a triangular cluster than in a square array.
B. LED Radiation Pattern
LEDs are available in many different beam patterns, so that there is not a single far-field condition across the multiple LED types. We simulate the angular intensity distribution of each LED, I i , by adding two or three Gaussian terms [10] . Figure 8 shows the farfield condition of a square LED array for several LED radiation patterns: PhlatLight photonic crystal LED (blue and green); LUXEON side emitter from Lumileds Philips (white, green, cyan, blue, and royal-blue color); LUXEON Batwing from Lumileds Philips (green, cyan, blue, and royal blue), upper bound; LUXEON K2 (green, cyan, blue, and royal blue) from Lumileds Philips, upper bound; perfect Lambertian (β 1=2 ¼ 60°); XLamp XR-E white LED from Cree; LUXEON Rebel (green, cyan, blue, and royal blue) from Lumileds Philips, upper bound; and Lambertian directional (imperfect Lambertian), with β 1=2 ¼ 20°.
From Fig. 8 , it seems that the far-field condition is shorter if the LED radiation pattern is wider, i.e., the far field is longer if the angular intensity distribution of each LED is more directional. Recently, a similar conclusion was experimentally obtained for single LEDs [8] . We illustrate this behavior in Fig. 9 , which shows the variation of r min =D as a function of the degree of LED beam directionality. For simplicity, it is plotted for an imperfect Lambertian LED with halfintensity viewing angles (half-width half-maximum angle) ranging from 5°to 60°. For reference, the far-field condition for a 2 × 2 array of LEDs with β 1=2 ¼ 3°is 64. This strong dependence of the far-field condition on the LED directivity is important in many applications. For example, it must be considered when the viewing angle of a LED video screen is characterized [11] .
However, the far-field condition does not depend only on the LED directivity. r min =D decreases if the peak or peaks of the angular intensity distribution are near the optical axis. For example, a side emitting LED has two narrow intensity peaks, but they are far from the optical axis (θ ∼ 80°). Therefore an array with side emitting LEDs has a shorter far field than an array with batwing LEDs, which have peaks near the optical axis (θ ∼ 40°). We explain this by noting that the contribution of an off-axis intensity peak decreases with the view angle θ because the apparent size of the LED array is shorter, i.e., the apparent size is the projected area of the array in that direction.
C. Random Variations of Light Flux among LEDs of the Same Array
Any LED assembly suffers from tolerances like all optical systems. A common system error is LED source variability. The optical properties of different LEDs such as color, radiation pattern, and radiant (or luminous) flux may vary due to thermal variations and errors in the manufacturing process [12] [13] [14] . The change of performance is around the average values given in the technical data sheets. These variations lead to shifts in the nominal farfield distance of LED arrays. In this section we briefly illustrate the effect of introducing random variations of light flux among LEDs of the array.
In Fig. 10(a) we show the variability of the far-field condition for directional LEDs with β 1=2 ¼ 10°. Recent experimental measurements indicate that the LED flux variation is approximately normal [12, 13] . Therefore we use the normal distribution as the probability function to generate random numbers for weighting the LED intensity with w i < 1, where IðθÞ i → w i IðθÞ i is the weighted angular intensity distribution of the ith LED. Considering that the flux may vary 50% in this type of LEDs, we use a variance of σ ¼ 0:25 [12, 13] . As can be noted for the 2 × 2 array, the far-field distance is more sensible in lowdensity arrays than for high-density clusters. However, this flux variability does not reduce the far-field region with respect to that of an array with equal flux LEDs, it only increases it.
Recently, LED manufacturers began to subdivide the manufactured distribution into bins with common operating LEDs (mainly in light flux, color, and forward voltage). That binning partitions manufactured LEDs into discrete groups, reducing the variability of performance parameters. For example, the flux of Cree XLamp XR-E white LEDs may vary 15% in the worst case (group code M2) or 7% in the best case (group code Q5) [15] . Figure 10(b) shows the far-field variation due to light flux changes for this type of LED with a 15% variation in light flux (group code M2). In this case, we use a uniform distribution as the probability function to generate random numbers because the variability within each bin is probably a small part of the normal distribution (all manufactured LEDs). Again, the far-field variability is larger for low-density arrays. In the 20 samples of the 2 × 2 array, the larger difference of the far field (r min =D ¼ 12:1) is 4% with respect to that of an array with equal light fluxes (r min =D ¼ 11:63). This is an additional benefit of binning or partitioning manufactured LEDs into discrete groups, because the far-field variability of low density arrays considerably lessens.
Summary
A far-field condition for an array of LEDs was proposed. This gives the distance beyond which an LED array can be modeled or measured as a directional point source. We deduced a far-zone equation that is an explicit function of the LED radiation pattern, array geometry, and density of LEDs. The farfield distance r min varies with an RMS error tolerance that depends on the application. As an example, using an RMS error of 0.55%, we calculated the nearzone extension of clusters with LEDs from several world-class manufacturers. It was shown that the far-field increases if the packaging density of the LED array decreases. We used several radiation patterns of practical interest, including Lambertian type, batwing, and side emitting. The far-field dramatically increases with increasing beam directionality of the LED radiation pattern (Fig. 9 ) and more if the radiation peak of LEDs is along the optical axis. For example, the far zone of an LED array with batwing LEDs is about 50 percent larger than that of an array with Lambertian LEDs. In contrast with the classical rule of thumb (5 times the source size), the near zone of an LED array with highly directional LEDs (small half-intensity viewing angle) can extend to more than 60 times the array size. We also analyzed the effect of introducing random values of light flux among LEDs of the cluster, which showed that far-field variability is lower in high packaging density arrays.
